Abstract: We develop a low-temperature theory of quasi-elastic secondary emission from a semiconductor quantum dot, the electronic subsystem of which is resonant with the confined longitudinal-optical (LO) phonon modes. Our theory employs a generalized model for renormalization of the quantum dot's energy spectrum, which is induced by the polar electronphonon interaction. The model takes into account the degeneration of electronic states and allows for several LO-phonon modes to be involved in the vibrational resonance. We give solutions to three fundamental problems of energy-spectrum renormalization-arising if one, two, or three LOphonon modes resonantly couple a pair of electronic states-and discuss the most general problem of this kind that admits an analytical solution. With these results, we solve the generalized master equation for the reduced density matrix, in order to derive an expression for the differential cross section of secondary emission from a single quantum dot. The obtained expression is then analyzed to establish the basics of optical spectroscopy for measuring fundamental parameters of the quantum dot's polaron-like states.
Introduction
The coupling between electrons and phonons is one of the most influential interactions occurring inside semiconductor quantum dots, which results in the scattering of electrons, holes, and excitons [1, 2] . In the photoluminescence experiments performed on quantum dots, this coupling is often manifested in enhanced dephasing rates of spectroscopic transitions [3] [4] [5] [6] and reduced lifetimes of electronic excitations [7] [8] [9] [10] [11] . Electron-phonon interaction may also cause a significant modification of the quantum dot's energy spectrum, known to be especially prominent in the regime of vibrational resonance [12, 13] . This regime is realized where the energy of a phonon coincides with the energy spacing between a pair of states of the quantum dot's electronic subsystem. Renormalization of the electron-phonon energy spectrum in this situation leads to the formation of hybrid energy states characterizing a new class of polaron-like excitations, which are similar to the polarons in a bulk semiconductor. Although quantum dots are generally affected by a multitude of phonon-related elementary excitations-residing both inside them and in various distant parts of the host heterostructures [14] [15] [16] [17] -the renormalizations of the quantum dot's energy spectra, that have been experimentally observed so far, predominantly resulted from polar interaction with longitudinaloptical (LO) phonons [13, [18] [19] [20] [21] [22] [23] . Despite a relatively high strength of polar interaction compared to other types of electron-phonon coupling [1, 2] , the energy splitting of polaron-like states induced by the vibrational resonance is typically of the order of few millielectronvolts. Such a fine structure of the quantum dot's energy spectra can be experimentally resolved only at cryogenic temperatures, when both dephasing rates of optical transitions and spectral widths of energy levels are relatively small. Another challenge that hampers observation of singularities in the quantum dots' optical spectra in the regime of vibrational resonance stems from the relatively broad size distribution of quantum dots, which is present even in the most finely fabricated samples. Quantum dots of different sizes emit light of different wavelengths leading to the inhomogeneous broadening of spectroscopic transitions. This obstacle can be avoided by applying size-selective optical methods, such as persistent spectral hole burning in an inhomogeneously broadened light absorption profile [20, 24] , one-and two-photon excited pho-toluminescence [13, 22] , or a single-quantum-dot spectroscopy [25, 26] . Using these methods for studying the effect of vibrational resonance requires an adequate theoretical treatment of the underlying optical phenomena, taking into account specific features characteristic to the quantum dot's polaron-like spectrum.
Several physical theories of polaron-like excitations in semiconductor quantum dots were developed by different research groups [13, 22, 23, [27] [28] [29] [30] , and subsequently employed for the interpretation of experimental data. For example, the first theory proposed in Ref. [13] helped to explain the shape of the excitonic luminescence spectra obtained under the resonant sizeselective excitation of CuCl-nanocrystals. The model of Ref. [23] was applied for the analysis of data on intraband transitions obtained with far-infrared magnetospectroscopy for selfassembled quantum dots made of InAs [18, 19, 21, 23] . Another model, reported in Ref. [22] , proved useful in interpreting the effect of renormalization for the lowest excitonic states in CuCl-quantum dots embedded into NaCl-matrix, which were studied with the spectroscopy of secondary emission under two-photon resonance excitation. Unlike theoretical treatment of the vibrational resonance itself, the mathematical description of its manifestation in optical spectra is developed rather poorly, and the information these spectra are capable of providing is not perfectly understood. To the best of our knowledge, the only technique that has been placed on solid theoretical ground up to date is the persistent spectral hole burning in an inhomogeneously broadened light absorption profile [27] . Thus, a fundamental theory of quantum dot optical response allowing for the renormalization of the electron-LO-phonon energy spectrum is still in demand.
In this work, we present a comprehensive theoretical study of quasi-elastic secondary emission from a single quantum dot that exhibits a vibrational resonance. The paper is organized as follows. In Section 2, we outline the model for renormalization of the quantum dot's energy spectrum due to the resonant polar interaction with LO phonons. This model generalizes our previous results [22, 27] , by extending them to degenerate electronic levels and an arbitrary number of LO-phonon modes involved in the vibrational resonance. Section 3 is devoted to the solution of the generalized master equation for the reduced density matrix, and calculation of the differential cross section of the quasi-elastic secondary emission at low temperatures. In this section, we also analyze the effect of spectral filtration of secondary emission due to the finite bandwidth of the photon detector, and present a general expression for the intensity of secondary emission in the case of vibrational resonance between 3-fold and 9-fold degenerate electronic states. In Section 4, we illustrate the potential of optical spectroscopy based on probing polaron-like states, by the example of a spherical quantum dot in the regime of strong confinement. Specifically, we consider two different scenarios in which vibrational resonance occurs between either a pair of lowest degenerate or a pair of lowest nondegenerate electronic states. In Section 5, we summarize our results and conclude the paper.
Theory of vibrational resonance in a semiconductor quantum dot
We start our theoretical treatment of vibrational resonance arising in a quantum dot due to the polar electron-phonon interaction, by introducing the Hamiltonian formalism for the physical system being of interest.
Hamiltonian formalism
The physical system to be analyzed is composed of a semiconductor quantum dot, classical excitation light, and vacuum (quantum electromagnetic) radiation field. It is convenient to take the total Hamiltonian of this system to be of the form
where
gives the contribution from noninteracting electron-hole pairs, LO phonons, and photons, while
describes the interaction of electron-hole pairs (e) with phonons (ph), excitation light (L), and radiation field (λ ). The notations on the right-hand side of Eq. (2) are as follows:
, and c + λ (c λ ) are the creation (annihilation) operators of electron-hole pairs, LO phonons, and photons, respectively; E p = E g + E p e + E p h is the energy of electron-hole pair state |p⟩ ≡ |p e ; p h ⟩, which depends on the quantum numbers of electron (p e ) and hole (p h ), and the band gap, E g of the bulk semiconductor;hΩ q andhω λ are the energies of LO-phonon mode q and photon mode λ .
For simplicity, we restrict our analysis to the quantum dot in the regime of strong confinement, and describe its electronic subsystem using the two-band approximation [1, 2] . Although polar electron-phonon interaction in quantum dots is relatively strong, it does not excite electrons from the valence (v) band to the conduction (c) band, but induces only intraband transitions between the different states of electron-hole pairs. This fact allows electron-phonon Hamiltonian to be represented as
where the second summation does not extend over the quantum numbers p 1 = p 2 = 0, representing vacuum of electron-hole pairs, and the matrix element of polar electron-phonon interaction is given by the expression
in which −e is the charge of the electron; φ are the products of Kronecker deltas for the quantum numbers of electron and hole. In writing Eq. (5) in the form shown, we assumed that the spatial confinement provided by a quantum dot for electrons, holes, and phonons is approximated suitably enough by an infinitely deep potential well.
An explicit form of the matrix elements in Eq. (5) depends on the specific shape of the quantum dot [1, 2] . For a spherical quantum dot of radius R, which will be used to illustrate our results in Section 4, they can be expressed compactly as [31] 
where ε * = (1/ε 0 −1/ε ∞ ) −1 , ε 0 and ε ∞ are the low-and high-frequency dielectric permittivities of the bulk semiconductor,
, and j l (z) is the spherical Bessel function of the first kind, with ξ nl being its nth zero [i.e.,
appearing in this expression set the selection rules for electron-electron and hole-hole transitions. The quantities n a , l a , and m a (a = q, p 1 , p 2 ) denote the principal quantum number, angular momentum, and its projection for LO phonon (a = q), electron (a = p e 1 , p e 2 ), or hole (a = p h 1 , p h 2 ).
The second and third terms in Eq. (3) account for the two mechanisms of interband transitions: (i) generation of electron-hole pairs through absorption of excitation light by the quantum dot's electronic subsystem; and (ii) recombination of electron-hole pairs with emission of photons due to their interaction with the vacuum radiation field. The Hamiltonians describing these mechanisms can be represented in the forms [31, 32] 
,
is the complex envelope of classical optical field,
, V is the normalization volume, and
is the matrix element of the electric dipole moment operator −er, calculated on Bloch functions u c and u v at the Brillouin zone center, for excitation light (η = L) or emitted photon (η = λ ) of frequency ω η and polarization vectorê η . Kronecker's delta following the matrix element shows that the dipole-allowed generation and recombination of electron-hole pairs occur only if the quantum numbers of electron and hole are the same. In what follows, we shall consider only quantum dots made of semiconductors with either T d and O h symmetry. In this case, matrix element in Eq. (7) is expressed through the Kane's parameter, P of bulk material as [33, 34] ⟨u c |r ·ê
Formation of polaron-like states
In the case of no interaction occurring between electrons and phonons inside a quantum dot, a number of the total system "electrons plus phonons" energy states may be degenerate. This happens in the situation of vibrational resonance, where energy of a particular LO-phonon mode is close to the energy spacing between a pair of electron-hole states, i.e., when E p 2 − E p 1 ≈ hΩ q . The degeneracy is removed by the polar electron-phonon interaction, which results in the splitting of degenerate levels into two or more polaron-like states with different energies [35] . The energies and wave functions of the polaron-like states can be found by diagonalizing Hamiltonian in Eq. (1) with respect to the electron-phonon interaction. We begin this procedure by employing the unitary transformation
p,p /(hΩ q ) to eliminate the diagonal part of electron-hole coupling. Keeping only the linear part of the electron-phonon interaction in the transformed Hamiltonian, yields [27] : 
It is seen from Eq. (9a) that the vibrational resonance occurs in the event that the energy of one or several LO phonons approximately coincide with the energy spacing of electron-hole states shifted due to the electron-phonon interaction, i.e.,Ẽ p 2 −Ẽ p 1 ≈hΩ q . To complete the diagonalization procedure of the HamiltonianH(t), we exclude from Eq. (9b) electron-phonon interaction coupling the states being in vibrational resonance. This can be done with an appropriately constructed unitary operator S, via the transformation
The eigenstates |ψ⟩ of the resulting HamiltonianĤ(t) are related to the eigenstates |ψ⟩ of the HamiltonianH(t) through the same operator S via |ψ⟩ = S + |ψ⟩. The matrix representing operator S is found by solving a standard eigenvalue problem,Ĥ|ψ⟩ = E |ψ⟩; in the general case that the resonant condition is simultaneously satisfied for k LO-phonon modes, it requires solving the (k + 1)-degree algebraic equation.
Vibrational resonance involving one, two, and three phonon modes
Let us now consider those eigenvalue problems associated with HamiltonianH that admit analytical solutions. The simplest problems of this type arise where two nondegenerate states |Ẽ p 2 ⟩ and |Ẽ p 1 ⟩ are coupled via one (q 1 ), two (q 1 , q 2 ), or three (q 1 , q 2 , q 3 ) LO-phonon modes. Using Eqs. (9a) and (9b) and assuming that the temperature of the system is low enough for the phonon modes to be unoccupied, we first draw the matrices that represent the electron-phonon part of the Hamiltonian (9) in these three cases,
The diagonal elements of matrixH (1) e,ph give the energies of states |Ẽ p 2 ; 0 
+ and E (1) − arise due to the coupling of nondegenerate states 
(1)
where c
and the rest of parameters are given by the generic expressions
Here, c
give the probability amplitudes that the polaron-like states |E (1) + ⟩ and |E
− ⟩ do not contain LO phonons. The Hamiltonian in Eq. (11a) is reduced to the diagonal form
by the matrix
We see that the electron-phonon interaction completely removes the degeneracy of states |Ẽ p 2 ; 0 q 1 ⟩ and |Ẽ p 1 ; 1 q 1 ⟩. The formation of new energy-shifted levels of the polaron-like states |E (1) + ⟩ and |E cumbersome, because their derivation amounts to solving cubic and quartic equations [36] . We, therefore, restrict ourselves to a specific situation of dispersionless phonon modes, in which simplified solutions to both eigenvalue problems can be obtained.
Assuming that the energies of phonons in the modes q 1 and q 2 are equal to the energy, hΩ LO of the bulk LO phonon at the Brillouin zone center, we find the polaron-like states of the HamiltonianH (2) e,ph to be
1 and c (2) 2 are given by Eq. (13) after the replacement
and q = (q 1 , q 2 ). The matrix that puts H (2) e,ph to the diagonal formĤ (2) e,ph = diag
is
Figure 1(d) shows how the energy level that was initially triply degenerate splits into three nondegenerate levels given in Eq. (14a). Finally, by setting the energies of all phonon modes in Eq. (11c) alike,hΩ q 1 =hΩ q 2 = hΩ q 3 = Ω LO , we may represent the polaron-like states as
1 and c (2) 2 are given by Eq. (13), c
is realized by the matrix
It is seen that electron-phonon interaction is unable to completely remove the degeneracy of the four states in the present case. This is a consequence of the initial triple degeneracy of the LO-phonon mode. By looking at Eqs. (12a), (14a), and (15a), it may be noted that they admit a straightforward generalization to the situation in which an arbitrary number of degenerate phonon modes (q 1 , q 2 , . . . , q k ) are resonant with the quantum dot's electronic subsystem. The resulting energies of the polaron-like states are of the form
Thus, whenever the k degenerate LO-phonon modes couple a pair of quantum-dot electronic states, it results in the formation of two nondegenerate and one (k − 1)-degenerate polaron-like states.
Polaron-photon interaction
We saw in the previous two subsections that vibrational resonance modifies the interaction of electrons and holes residing in a quantum dot, with excitation light and emitted photons. This fact is described mathematically by the transformations of the HamiltoniansH e,L andH e,λ given in Eqs. (8) through (10) . In order to evaluate the efficiency of low-temperature secondary emission in the presence of vibrational resonance with one, two, or three LO-phonon modes, the following matrix elements of the transformed HamiltoniansĤ e,η (η = L, λ ) are required:
Here the rows from top to bottom, and columns from left to right, correspond to the states |E
⟩ denotes the vacuum of polaron-like excitations, while |0 λ ⟩ and |1 λ ⟩ stand for zero and one photons in the mode λ . Equations (17) are obtained with the same S-matrices that were used to diagonalize HamiltoniansH (1) e,ph ,H (2) e,ph , andH bitrary number of phonon modes can be obtained,
Notice that these matrices are Hermitian.
Analytically solvable eigenvalue problems
Since the quantum dot usually has a large number of electronic states and confined LO-phonon modes, multiple vibrational resonances may occur between them. Suppose that N vibrational resonances simultaneously occur for the different electron-hole states of a single quantum dot, such that the first pair of states is resonant to k 1 phonon modes, the second pair is resonant to k 2 modes, and so on. By combining interaction matricesH
e,ph describing the individual resonances, we can build an electron-phonon Hamiltonian of the entire system,
This quasi-diagonal block Hamiltonian allows for various types of degeneration of the electronhole pairs' states and LO-phonon modes. Its diagonalization is realized with an S-matrix of a similar block structure,
Diagonalization of the HamiltonianH e,ph with matrix S can be performed analytically in the special case of any N vibrational resonances involving no more than three phonon modes, i.e., if max(
It becomes particularly simple if, in addition, all modes are of the same frequency. In this case, renormalization of electron-hole spectra is described by Eqs. (12)- (16) . The matrix H
e,η of the polaron-photon interaction is self-adjoint and similar in form to Eq. (18); its last row can be written as
) .
Quantum dot secondary emission
Let us next mathematically describe the process of secondary emission from a single quantum dot exhibiting vibrational resonance with confined LO-phonon modes. We assume weak optical excitation of the system-to ensure that the interband transitions are not saturated-and restrict ourselves, as before, to the case of low temperatures (T ≪hΩ q ), in order to avoid turning the phonon subsystem out of its state of thermodynamic equilibrium. In this situation, it is convenient to describe the phenomenon of secondary emission within the density matrix formalism. The dynamics of spectroscopic transitions in the considered quantum system is then governed by the generalized master equation for the reduced density matrix, ρ(t) [37] [38] [39] [40] ∂ ρ µν (t)
whereĤ(t) is the transformed Hamiltonian given in Eq. (10), γ µν = γ ν µ = (γ µ µ + γ νν )/2 +γ µν for µ ̸ = ν is the coherence relaxation rate, γ µ µ = τ −1 µ is the population relaxation rate (inverse lifetime) of state µ, andγ µν =γ ν µ is the pure dephasing rate. The last term on the righthand side of the master equation accounts for the transitions |ν ′ ⟩ → |ν⟩ due to the thermal interaction with a bath through the relaxation parameters ζ νν ′ . We allow for this interaction in our subsequent discussion of quasi-elastic secondary emission, but neglect it in Section 4.
Secondary emission in the case of resonance with nondegenerate electronic states
In order to calculate the intensity of secondary emission for the case in which vibrational resonance of the k phonon modes occurs between the nondegenerate states of the electron-hole pairs, we take the four eigenstates of the HamiltonianH 0 ,
These eigenstates form the minimal sufficient basis for our system, since the rest of the polaronlike states given in Eq. (16) are not involved in the direct dipole-allowed optical transitions. The absence of the degeneration with reference to the spherical quantum dot adopted in our model, implies that the angular momenta of the electrons and holes must be zero, l e 1 = l h 1 = l e 2 = l h 2 = 0. Through use of Eq. (18), it is easy to show that the emission of photons of frequency ω λ due to the annihilation of the polaron-like excitations is characterized by the rate [37, 38]
where c (k)
and c (k)
2 are given in Eq. (13), while the density matrix elements ρ 24 (t) and ρ 34 (t) are to be found from the master equation.
We now solve Eq. (19) for the case of stationary excitation, ϕ (t) = E L , using the method of perturbation theory and assuming the inverse lifetime of the ground state |1⟩ to be zero. The solution we obtain leads to the following expression for the differential cross section of secondary emission per unit solid angle, dΘ and unit frequency interval, dω λ : where
is the intensity of the excitation light, C(ω λ ) = 4Z 4 cv ω 4 λ /(πc 4h2 ), c is the speed of light in a vacuum, and γ 0 is the inverse photon lifetime. The quantities ∆ ηn = ω (k) n − ω η denote detunings from the frequencies, ω
The first, second, and third terms in the parenthesis of Eq. (20) describe the process of luminescence, whereas the fourth term corresponds to the resonant quasi-elastic scattering. For the given frequency detunings ∆ ηn , the relative importance of these terms is set by: (i) pure dephasing ratesγ 12 − ⟩ are intensified through the emission of acoustic phonons with a continuous energy spectrum [42, 43] . The quantity ζ 32 is determined by the relaxation processes with the emission of local excitations of the quantum dot, and elementary excitations of the environment [16, 17, 44, 45] . These processes are sensitive to the design and fabrication quality of the sample, as well as excitation conditions. Although in most practical situations the population relaxation rates satisfy the inequality γ 0 ≪ γ 22 , γ 33 , their absolute values also vary in a broad range. It is reasonable, therefore, to treat parameters appearing in Eq. (20) as adjustable phenomenological constants, which should be determined (separately for each individual case) from the experimental data.
Spectral filtration of secondary emission
The spectrum expressed according to Eq. (20) cannot be directly compared with experimental data, since the treatment of the previous subsection implicitly assumed that the photon detection system possesses infinite frequency resolution. We can obtain expression for the secondary emission spectrum registered by a real photon detector, by convoluting Eq. (20) with a filter function g F (ω F − ω λ ) centered at frequency ω F . Following Ref.
[46], we take the filtering properties of the detector to be identical to those of a Fabry-Perot interferometer characterized by the function
with Γ F being the detector's bandpass. Using this expression for g F and taking into account that Γ F ≫ γ 0 in the majority of practical instances, we obtain after the convolution
, (21) where
For experimental measurement of the coherence relaxation rates γ 12 and γ 13 , the bandpass is 
in which case Eq. (21) acquires the form
. (23) This expression is a function of the excitation frequency ω L and detection frequency ω F . The possibility to vary one of them while keeping the other constant results in two types of spectroscopic experiments. If ω L is fixed and ω F is varied, then an ordinary spectrum of secondary emission is obtained. On the other hand, in the situation where ω F is fixed and ω L is altered, an excitation spectrum of secondary emission is recorded.
Comparison of luminescence and scattering contributions to the total signal of secondary emission given in Eqs. (20), (21), and (23) reveals several important differences between their spectra. First, if the frequency of excitation is out of resonance with either of the electronic transitions, then the position of the scattering maximum coincides with ω L , whereas the luminescence intensity peaks at frequencies ω F = ω
± /h. Second, should conditions in Eq. (22) be satisfied, the scattering linewidth is narrower than the linewidths of the luminescence. Third, scattering strongly masks luminescence, as the peak intensity of the scattering signal is by far greater than the peak luminescence intensity. The domination of scattering over luminescence in the spectra of secondary emission is due to the factors 2γ 12 /γ 22 ≪ 1 and 2γ 13 /γ 33 ≪ 1 entering the luminescence terms, and because of Γ F ≪ γ 12 , γ 13 .
For the same reasons, scattering prevails in the excitation spectra of the secondary emission. The excitation spectrum of scattering consists of two peaks at ω L = ω (k) ± , whose widths are determined by the coherence relaxation rates. This fact allows parameters γ 12 and γ 13 to be calculated through fitting the experimentally measured excitation spectra with Eq. (23).
Secondary emission in the case of resonance with degenerate electronic states
The above approach allows the secondary emission to be treated analytically in the event that the degenerate states (with nonzero angular momenta) of the electron-hole pairs are involved in the vibrational resonance. In principle, this can be done for the situation discussed in Subsection 2.5; however, such a general treatment results in rather cumbersome mathematical formulas not suitable for this paper. The simplest problem that can be solved exactly is the case of vibrational resonance between the 9-fold degenerate state |p 2 ⟩ = |n e 1 e m e ; n h 1 h m h ⟩ and either of the 3-fold degenerate states |p 1 ⟩ = |n e 1 e m e ; n h 0 h 0 h ⟩ or |n e 0 e 0 e ; n h 1 h m h ⟩ (which correspond to resonance in the valence or conduction band, respectively). Clearly, the 9-fold degeneracy of the upper state is the lowest possible degeneracy for optically excitable states with equal quantum numbers of electrons and holes [see Eq. (7) 
Employing the results of Section 2 for the above pair of degenerate states, we solve Eq. (19) with a new minimal basis for the HamiltonianH 0 based on the renormalized electron-phonon spectrum. The obtained density matrix elements are then introduced into the expression similar to Eq. (20) to find that the differential cross section of the secondary emission is given by
. (24) In deriving this expression, we took into account six optically allowed polaron-like states of energies
are the energies of the electron-hole pairs shifted due to the interaction with k, k ′ , and k ′′ LO-phonon modes according to Eqs. (5) and (9a);
and the parameters V k are given by Eq. (13b). It was also taken into account that the diagonal part of the electron-phonon interaction does not change the energy of the state |p 2 ⟩, which resulted inẼ ′′
The quantities d n in Eq. (24) are the constants describing renormalization of the electron-phonon spectrum, given by
Examples and discussion
We now illustrate the results of the previous two sections by the example of the InAs-quantum dot, located in either vacuum or some dielectric. The material parameters are chosen to be ε 0 = 15.15, ε ∞ = 12.25, E g = 418 meV, andhΩ LO = 29.5 meV [33] . For simplicity, we neglect the transitions between polaron-like states by setting ζ νν ′ = 0. We also assume that the vibrational resonance takes place in the valence band, in which case Eq. (5) acquires the form
δ n e 2 , n e 1 δ l e 2 , l e 1 δ m e 2 , m e 1 ,
where φ
is given by Eq. (6). In the strong confinement regime, the energy spectrum of noninteracting electrons and holes inside a spherical quantum dot is given by [1, 2] E n e l e m e ,n h l h m h = E g + E n e l e m e + E n h l h m h = E g +h (20), (21), and (23), only the states with n e = n h ≡ n, l e = l h ≡ l, and m e = m h ≡ m appear in the spectra of the quasi-elastic secondary emission. The last expression then reduces to
Resonance with nondegenerate electronic states
As a first application of the developed theory, we consider the vibrational resonance coupling a pair of orbitally nondegenerate electronic states of the lowest possible energies
and
The detuning from the resonance in this instance is characterized by the parameter
in which α ≈ 0.0549 is calculated using Eqs. (9a) and (25) . For the exact resonance, equation χ = 0 is readily solved to obtain the radius of the quantum dot wherein the resonance occurs
Evaluation of different matrix elements of the polar electron-phonon interaction in Eq. (6) shows that only two LO-phonon modes with quantum numbers q 1 = {1, 0, 0} and q 2 = {2, 0, 0} materially couple the states |p 2 ⟩ = |200; 200⟩ and |p 1 ⟩ = |200; 100⟩, and hence we deal with the second problem considered in Subsection 2.3. The energies of the polaron-like states in this situation are given according to Eq. (14) by
and β ≈ 0.1346. The anticrossing behavior of the polaron-like states given by Eq. (26) is shown in Fig. 2(a) . We see that at the exact resonance, R = R res (where green and orange lines meet), the initially 3-fold degenerate state of energy E 200,200 =Ẽ 200,100 +hΩ LO splits into three nondegenerate states separated from each other in energy by V 2 . Figure 2(b) shows the size dependance of probability amplitudes
, whose values directly affect the intensity of the quasi-elastic secondary emission.
In Fig. 3 , we plot the spectra of the secondary emission given by Eq. (21) for the following five excitation frequencies in the vicinity of, or coinciding with, the electron-hole states exhibiting resonant coupling:
+ , ω where ω 2 = V 2 /h ≈ 3.1 meV. In the calculations, we assume that the quantum dot has radius R res and use the relaxation parameters of Table 1 , chosen in accordance with the experimental data of Ref. [47] . The spectra corresponding to the set of parameters S 1 [panel (a)] represent the intensity of the resonant quasi-elastic scattering, while the spectra for the parameters of the set S 2 [panels (b)-(d)] show the total signal of the secondary emission, which contains contributions from both scattering and luminescence. The structure of Eq. (21) enables clear interpretation for the peculiarities of these spectra. Different curves in Fig. 3(a) originate as follows. The upper two peaks correspond to the scattering upon resonant excitation of the polaron-like states at frequencies ω (2) ± ≈ 1223 and 1229.1 meV. The left and right spectra in the middle represent the scattering excited nonresonantly, at frequencies ω (2) ± ± ω 2 ≈ 1219.9 and 1232.2 meV. Finally, the lower peak shows the signal of scattering emerging upon nonresonant excitation of the quantum dot at frequency ω (2) − + ω 2 ≈ 1226 meV, which lies right in the middle between the two polaron-like states exhibiting the vibrational resonance. This peak is much less intense than the other four, due to the destructive interference between the different terms under the modulus in Eq. (21) . The widths of all peaks in Fig. 3(a) are equal to the bandwidth of the filter function, Γ F = 0.04 meV. Such a small value of Γ F is typical for optical experiments on a single quantum dot [48] .
The green spectrum in Fig. 3(b) is excited at frequency ω
− − ω 2 . Its left peak represents scattering (which masks the weak signal of the resonant luminescence), while the middle and right peaks correspond to the luminescence from the lower and upper polaron-like states. The situation is somewhat similar for the wine-color spectrum, in which case both excitation and scattering occur at frequency ω (2) + + ω 2 , whereas the two peaks of luminescence arise on the left, at frequencies ω (2) ± . The orange curve is the spectrum of secondary emission excited at frequency ω (2) − + ω 2 . Again, it has a strong scattering peak centered at the excitation frequency, and the two luminescence maxima located symmetrically at both its sides and marking the energies of the polaron-like excitations. The widths of the luminescence peaks are determined by the parameters γ 12 and γ 13 , because they are ten times larger than the parameter Γ F /2. The widths of the scattering peaks are set by the bandwidth Γ F . Figure 3 (c) shows the two spectra of the resonant secondary emission. We see that, in addition to the main maxima whose intensities are determined by the processes of scattering and luminescence, these spectra contain two small peaks owing to the luminescence from the polaron-like states. The spectra of secondary emission plotted in Fig. 3(d) are obtained for the same excitation conditions as the spectra in Fig. 3(b) , but with a smaller spectral resolution of the detection system, Γ F = 0.4 meV. Therefore the luminescence peaks in Fig. 3(d) are twice as wide as in Fig. 3(b) , and the scatting peaks are wider by a factor of ten. Yet they are all still rather distinct to be used for studying the quantum dot's polaron-like spectrum. It should also be noted that the decrease in spectral resolution leads to the increase of the luminescence contribution to the spectrum of the total secondary emission, and redistribution of the energy within the spectra. Fig. 3 . Spectra of the quasi-elastic secondary emission from a single quantum dot of radius R res ≈ 9.5 nm (see Fig. 2 The excitation spectra of the secondary emission are plotted in Figure 4 . As before, the spectra are modeled for the quantum dot of radius R res , and the same set of detection frequencies as the one we used for the purpose of excitation, ω F = ω
± , and ω (2) + + ω 2 . We also assume that Γ F = 0.4 meV and employ the last two sets of the relaxation parameters in Table 1 .
Figures 4(a) and 4(b) show the excitation spectra of the quasi-elastic scattering (γ 12 =γ 13 = 0). The green curve is obtained with a detector tuned to frequency ω (2) − − ω 2 . Its left peak represents nonresonant scattering, since the excitation light in this case is out of resonance with any of the polaron-like energy levels. The full width at half maximum (FWHM) of the peak is determined by the bandwidth of the filter function, Γ F . By contrast, the second and third peaks of the green spectrum correspond to the resonant excitation of the lower and upper polaron-like states. Their widths are equal to the coherence relaxation rates γ 12 and γ 13 . The same features are seen for the orange and wine-color spectra in Fig. 4(a) , which are detected at frequencies ω (2) ± + ω 2 , as well as for the blue and red spectra in Fig. 4(b) , detected at frequencies ω (2) ± . The peaks of resonant scattering at ω (2) ± have widths set by the relaxation parameters, while the width of the nonresonant scattering peak is equal to Γ F . The central dips present in all five spectra are due to the destructive interference of the scattered waves.
The excitation spectra of the total secondary emission are presented in Figs The origins of different peaks and their spectral widths are evident from the above discussion. However, at this time, resonant peaks are formed by both scattering and luminescence. Note that, in general, the developed stationary theory does not allow us to separate the contributions of these two processes to the intensity of the total secondary emission. The regime of nonstationary excitation of the secondary emission from a quantum dot exhibiting vibrational resonance will be analyzed in a subsequent paper.
Resonance with degenerate electronic states
Let us now consider the situation discussed in Subsection 3.3, in which LO phonons couple a pair of orbitally degenerate electronic states. Without loss of generality, we shall look at the lowest states of such kind, with quantum numbers n e = n h = 1. Their energies are given by
where m = −1, 0, +1 and ξ 11 ≈ 4.4934. As stated in connection with Eq. (24), the diagonal part of the polar electron-phonon interaction does not affect the upper electronic state, but modifies the lower one. As a result, the lower state splits into two, Estimates show that only one LO phonon at a time contributes predominantly to the coupling of any pair of the electronic states. Specifically, states |11+1; 11+1⟩ and |11+1; 100⟩ are 
+ and represent the secondary emission mediated by the scattering and luminescence from the upper doublet. The difference in the intensities of the first and second fine-structure peaks in Figs. 4(a)-4(c) is explained by the fact that the exact vibrational resonance occurs only for the higher-energy polaron-like states in each doublet, whereas the lower-energy states are slightly off resonance with the phonon modes. Figure 6 (d) shows how the spectra of the secondary emission in Fig. 6 (a) are modified for a quantum dot of radius R ≈ 3.5 nm (R −2 = 0.08 nm −2 ). As the spectra suggest, and as is seen from Fig. 5(c) , the level splitting in the lower doublet of the polaron-like states increases up to ≈ 290 µeV. At the same time, the splitting of the upper doublet becomes negligible and cannot be observed in the real spectra. The relative intensities of the two fine-structure peaks are now determined by the proximity of the corresponding polaron-like states to the vibrational resonance. Notice also a strong scattering peak, which occurs where the detection and excitation frequencies coincide. It is not suppressed by the destructive interference as in Fig. 6(a) , since the contributions from the polaron-like states are not symmetrical.
Conclusions
This paper is intended to lay the foundation for the optical spectroscopy of the semiconductor quantum dots with electron and phonon subsystems strongly coupled due to the resonant polar electron-phonon interaction. Based on the generalized model for renormalization of the quantum dot's energy spectrum and using the density matrix technique, we have developed a new theory of the quasi-elastic secondary emission from a single quantum dot, while assuming that several LO-phonon modes may resonantly couple a pair of electron-hole states. We considered two examples of special simplicity and practical interest, namely, where the vibrational resonance involves either orbitally nondegenerate electron-hole states and two degenerate LOphonon modes, or orbitally degenerate electron-hole states and three degenerate phonon modes. The derived analytical expressions for the differential cross section of the secondary emission provide an intuitive, yet accurate description of the quantum dot's optical response, and may prove useful in retrieving the coherence relaxation rates of the polaron-like states from the experimentally measured spectra.
